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ABSTRACT

THE ROLE OF SPATIAL VISUALIZATION IN THE
TEACHING AND LEARNING
OF PARALLEL LINES
Eric Rocco Schumacher, MS
Department of Mathematical Sciences
Northern Illinois University, 2016
Helen Khoury, Director

The purpose of this study was to explore the relationship between students’ spatial
visualization skills and their learning of geometrical concepts, particularly parallel lines.
Previous research regarding spatial visualization has related spatial visualization to
achievements in mathematical learning as well as relating the impact of spatial visualization
on the learning of different groups of people differentiated by gender and ethnic background.
For this study, 100 high school sophomore geometry students of various academic levels
participated. A pre-assessment and a post-assessment were given to all students regarding the
concept of parallel lines to monitor their growth between the beginning and end of related
instruction. A spatial visualization test was also given to all students in order to classify
students into subgroups according to their visualization level. To analyze the data, a series of
general linear models as well as correlations were implemented. Differences in means and
contrasts were compared. Results from this study showed that, on average, students showed
higher post-achievement scores as well as gain scores from pre-assessment to postassessment. There were observed differences, but no statistical conclusions could be made
about the differences in achievement levels on parallel lines or spatial visualization ability
when differentiated by gender or ethnic background.
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CHAPTER 1
INTRODUCTION

Most geometry teachers may have had at least one conversation concerning the
reasoning behind their career choices. Of the various educational avenues one could pursue,
many inquire as to why one would choose to teach geometry. Geometry is most often either
adored or not. Some consider geometry to be the ugly duckling of the high school math
courses. Many students enter into geometry courses thinking they are simply going to learn
about shapes when in reality, geometry encompasses much more. Geometry is where students
are generally introduced to the concept of mathematical proof, a rude awakening to many.
This particular mathematical avenue is so unique that many students who are successful in
other courses struggle in geometry (Fulton, 2013). There are also students who flourish in
geometry but struggle in the rest of their high school mathematics subjects. What could be
the reason behind such an absence of consistency? Does the problem lie within the rigid
structure of algebra in comparison to the openness of the Euclidean world? The questions
previously posed may be addressed by taking into consideration the level of one’s ability to be
spatially aware. According to Battista and Clements (1992), “Spatial reasoning consists of the
set of cognitive processes by which mental representations for spatial objects, relationships,
and transformations are constructed and manipulated” (p. 420). The question remains as to
whether students’ geometry grades may be attributed to their ability to visualize spatially.
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This study is an investigation of high school geometry students as they learn the
geometry topics pertaining to parallel lines. This study explores the relationship between
geometry students’ spatial visualization and their achievement on a unit of parallel lines,
where students are engaged in classrooms that use a visual approach to learn about parallel
lines.
Students were asked to respond to questions that asked them to identify parallel lines
in real-life settings and to explain their reasoning of how they arrived at their answers. This
study provides research results to support the belief that students who have stronger spatial
skills tend to show more of a conceptual growth on the topic of parallel lines. Also, these
students were expected to better identify the concept of parallel lines in real-world situations
and explain how they arrived at their conclusions in a more descriptive way.

Theoretical Framework

Kolari and Savander-Ranne (2004) state:
Learning and understanding are influenced by the way students are able to perceive,
interpret and process information, integrate it with old knowledge structures and
organize it, place it in their memory and retrieve it. Visualization is used to help the
student form mental visual images, to make visual interpretations of what concepts or
processes mean, or to elucidate abstractions. Visualization is needed to explain the
connections between the symbolic representations and the micro and the macro world.
(p. 484).
Even though the authors do not mention mathematics at all, it is evident how this relates
directly to mathematics, especially geometry. Mathematics is built on the idea of multiple
representations. Tripathi (2008) describes a mathematical representation as “a mental or
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physical construct that describes aspects of the inherent structure of a concept and the
interrelationships between the concept and other ideas” (p. 438). Tripathi goes on to add:
Using these different representations is like examining the concept through a variety
of lenses, with each lens providing a different perspective that makes the picture
(concept) richer and deeper. As the number of perspectives increases, we develop
better insight into the concept. (p. 439)
This idea is most commonly related to functions and the different ways you can represent
them, but in geometry, spatial visualization is one of these representations, possibly the most
important of the representations.
Usiskin (1987) describes the four dimensions of geometry: (1) visualization, drawing,
and construction of figures; (2) study of the spatial aspects of the physical world; (3) use as a
vehicle for representing nonvisual mathematical concepts and relationships; and (4)
representation as a formal mathematical system. Notice that dimensions 1-3 all have to do
with some sort of spatial/visual aspects of geometric thinking.
Since spatial/visual aspects are such a huge component in the learning of geometry, it
is important to look at the psychological pedagogy behind it. Gardner (1983) argues that
spatial visualization is one of the several “relatively autonomous human intellectual
competences,” which he calls “human intelligences”: “Spatial thinking is essential to
scientific thought; it is used to represent and manipulate information in learning and problem
solving” (p. 8).
Krutetskii (1976) believes that there are two different models of thought, verballogical and visual-pictorial, which result in three different “mathematical casts of mind.”
These casts of mind are analytic, those students who prefer verbal-logical modes of thought in
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mathematical problem solving, even for problems that would yield to a relatively simple
visual approach; geometric, those who prefer visual-pictorial schemes even on problems more
easily solved by analytic means; and harmonic, those who have no specific preference for
either verbal-logical or visual-pictorial thinking. Students should be introduced to different
types of models in order for them to grow into competent problem solvers. Krutetskii also
discusses the differences in brain hemispheres where the left hemisphere is for analytic/
logical thinking while the right hemisphere is more for spatial and artistic tasks. “Teachers
should provide activities for developing students’ spatial imagination because assimilation
would be ‘formalistic’ if the teacher did not develop students’ spatial images, but provided
verbal information about the properties of figures instead” (as cited in Battista & Clements,
1992, p. 443). Battista and Clements (1992) left it to the teacher to provide opportunities for
students to build spatial imagination.
When it comes to geometric thought, it is hard not to mention the Van Hiele levels of
geometric thought. Battista and Clements (1992) summarize the Van Hiele levels of
geometric thought as sequential and discontinuous. It is necessary to achieve one level before
the other. Students can use memorization to make it seem like there is achievement, but until
there is understanding of the concept, the student may not progress to another level of
understanding. Visualization is the first level, but this only pertains to identification of
figures. Spatial visualization is used among all of the levels, mostly by being able to make
connections between figures and to explore their properties at increasingly higher levels.
Piaget and Inhelder, on the other hand, also summarized by Battista and Clements
(1992), propose that representations of space are constructed through the child’s motor and
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internalized actions, resulting in operational systems. The child’s representation of space is
not perceptual, it is operational and it is built up from prior active mental manipulation of that
environment. Piaget and Inhelder also believe that organization of geometric ideas follows a
definite logical order. They believed this is the order in how one perceives space, not how
they learn geometry. What Piaget and Inhelder do have to say about the learning of geometry
(Euclidean space) requires the student to see objects in a two-dimensional frame of reference.
Battista and Clements (1992) identify a contrast between the Piagetion theory and the
Van Hiele model. The Van Hiele model focuses on the geometry content and building up of
levels within each geometric concept. Piaget and Inhelder, on the other hand, believe that
logical operations are built independently of the content on which they are applied. The
operations can be applied in many different contexts and contents, and this includes how
mathematical knowledge is developed.
According to Vinner and Hershkowitz (1980) as cited in Battista & Clements, 1992,
“People do not use definitions of concepts, but rather concept images, combinations of all the
mental pictures and properties that have been associated with the concept” (p. 447). This is
the idea of a concept image. Concept images exist for many geometry topics, and not being
careful or aware of concept images can lead to a lack of understanding. If spatial visualization
and imagery are as important as many of the previous authors have stated, then incorrect
concept images need to be identified and addressed in order for students to build an
understanding.
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The Present Study and Research Questions

This study was conducted in all six geometry classes in a small private high school
outside of Chicago, Illinois. The geometry classes were broken into three levels. One
“honors,” two “regular,” and three classes for “below-level” students. These students are
placed into these courses by their scores on a freshmen entrance exam and the students’
middle school grades. All students were given the same pre-assessment to gauge their
understanding of the related concept of parallel lines cut by a transversal, as well as a spatial
visualization test to show if they were at a high-, middle-, or low-spatial visualization level.
Students were then taught the same instructional material by the same teacher. During and
after an instructional treatment of three weeks, students were given three post-assessments.
Two of these were on mid-unit sections, and a post-assessment was at the end of the unit.
The specific research questions of this study are:
1. What are geometry students’ achievement levels in a classroom environment that
promotes the use of visual strategies?
2. What are geometry students’ gain scores between their post- and pre-achievement
assessments on parallel lines?
3. What is the relationship between geometry students’ spatial visualization levels and
their achievement levels on parallel lines after a unit of instruction that promotes
spatial visualization?
4. How are geometry students’ achievement levels on parallel lines and their spatial
visualization levels differentiated by gender and by ethnic background?
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5. What are some examples of geometry students’ correct and incorrect responses on
questions about parallel lines?
The idea of parallel lines cut by a transversal is a topic that should yield a high success
rate among students in high school geometry classes. It is consistently taught towards the
beginning of the school year in high school geometry classes, only involves two different
relationships, and is used in many other topics. Although to many it seems trivial, it is
commonly not a concept that students consistently understand at a high level. Some students
may be able to solve for angles if given two parallel lines cut by a transversal, but may not if
given the same idea in an alternate setting such as a polygon or a real-life application. This
study looks to student spatial visualization as a possible solution to the problem. There are
many studies that debate what kind of role spatial visualization plays in a student’s
mathematical achievement and understanding as well as how different groups of students
visualize mathematics. This study looks at each student’s spatial visualization before students
are taught the topic of parallel lines cut by a transversal using spatial strategies. Then the
study examines how and what kind of students progressed in their understanding of the topic.
This gives the research of spatial visualization in relation to geometry a concrete example of
how it relates to a specific topic taught using spatial strategies.
This chapter explored many of the psychological aspects of spatial visualization and
posed many questions that will be answered in this study as well as what this study is trying to
accomplish. The next chapter looks at specific studies that helped formulate the questions of
this study. It also explores specific examples of how different groups of students learn
according to their spatial visualization abilities.

CHAPTER 2
REVIEW OF RELATED LITERATURE

The Psychology of Spatial Visualization

“Spatial thinking is used to represent and manipulate information in learning and
problem solving” (Battista & Clements, 1992, p. 442). This chapter looks at how visual
information is perceived and interpreted. It has studies on manipulatives and technology and
how that affects how students learn. This chapter also looks at the learning standards of
today’s education, how spatial visualization is represented, and what kind of importance is put
on spatial visualization. Finally, this chapter observes studies that compare different groups of
students and how the performance of the different students compares and contrasts.
Kolari and Savander-Ranne (2004) use the premise that visualization is a concept that
can be applied to many areas of life. While mathematics, specifically geometry, contain
concepts that rely heavily on spatial visualization, understanding how to use visual aids in
different ways can assist students in their everyday lives. In this way, spatial visualization is
based on psychological pathways. Though students may differ in their problem-solving
techniques, spatial understanding remains key to successful thinking.
Common models of thought that students use to solve problems can be divided into
analytic, geometric, and harmonic categories (Krutetskii, 1976). These categories encompass
and accommodate various types of learning patterns, from verbal-logical thinkers to visualpictorial learners. To be able to fully understand concepts, as is common in geometry, it is in
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the favor of the student to be able to apply all avenues of problem solving. Furthermore, a
mathematically successful student is one who can extract information from visual and verbal
aids and deduce what he/she deems is important for understanding a given concept.

Concept Images

Imagery plays a big role in students’ spatial reasoning; some would say that it is the
most important part of spatial reasoning. Battista and Clements (1992) state that “images are
internally perceived, wholistic representations of objects or scenes that are isomorphic to their
referents. They are mentally changed by continuous transformations corresponding to
physical transformations” (p. 444). Kosslyn (1983) has four phases (or aspects) of the image
process. These are: (1) generating the image, (2) inspecting the image (being able to answer
questions), (3) transforming the image, and (4) manipulating the image. So, one needs to be
able to not only have a mental image but be able to reconstruct the image. The larger the
figure, the more time it takes to create a mental image of the figure. Images of objects are
built out of separately stored parts, such as line segment or common geometric shapes, along
with information specifying how the parts are to be arranged relative to one another. Battista
and Clements (1992) conclude that “the construction of images is certainly affected by
existing cognitive structures, but it would be helpful to know more about how this actually
occurs and whether it can be controlled” (p.446).
Concept images are combinations of mental pictures that are associated with the
concept. Concept images can also lead to misconceptions of a topic if the person does not
associate a wide range of possibilities for that particular concept. This may also hinder the
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student from applying the verbal description of that concept. The lower the level of
understanding someone has of a topic, the more pigeonholed their concept images could be.
Battista and Clements (1992) formed a list of such student misconceptions. Examples of such
misconceptions are:


An angle must have one horizontal ray.



A right angle is an angle that points to the right.



A segment is not diagonal, it is vertical or horizontal.



A square is not a square if its base is not horizontal.



The height of a triangle or parallelogram is always a side adjacent to the base.



If a shape has four sides, then it is a square.



A triangle is only a right triangle if the perpendicular sides are horizontal and
vertical.

Most likely, these misconceptions arise from students’ concept images of their perceptions.
Teachers should expose their students to concepts that are portrayed in many different settings
and orientations in order to enrich students’ concept images of these concepts.
In a study by Chavez, Reys, and Jones (2005), the authors support Anderson’s (2000)
belief that “measures of mathematical ability tend to be strongly correlated with spatial
ability” (p. 190). They report that if a teacher works to improve students’ spatial
visualization, then one may notice an improvement in their test scores. They looked at several
problems/ situations that are basic conceptually, but still one sees concepts that are frequent
student errors at the high school level. Chavez et al. administered these problems to over
2,000 sixth- grade students. The first problem shows different prisms made with the same
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number of cubes (representing equal volumes). Students are asked to build different prisms to
confirm to themselves that each prism uses the same number of blocks. From this experience,
students are to confirm that there can be prisms that have different arrangements but the same
volume. This activity also leads towards an application of multiplication of three factors to
compute the volume of a regular prism.
Historically, there have been consistently low scores by middle-grade students on an
assessment that asks students to calculate how many cubes are given in a rectangular solid
where the students can only see three faces of the three-dimensional prism (Chavez et al.,
2005). The authors observed specific problems that students have in developing this type of
“spatial structure,” even while giving students a chance to build prisms with blocks when they
try solve the problem.
The next task that Chavez et al. administered to the over 2,000 sixth-grade students is
from the Balanced Assessment in Mathematics (2002), where students were to figure out the
volume of water in a rectangular prism-shaped tank given the dimensions of 24 inches long,
12 inches high, and 16 inches wide and a picture of the tank. Students were also to figure out
how deep the water would be if the tank was turned on its side. The first part was a very
commonly missed question where most students left it blank or did no mathematical
calculations. The students who correctly answered the question multiplied the length, width,
and height. The most commonly incorrect response was where the students added the length,
width, and height. The second part of the problem asks students to find the height of the
water. Some students correctly responded to the problem by taking the volume of the water
and dividing by the dimensions of the base, or thinking, “12 times 16 times what is 3840?”
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(volume of the water). Some students even used proportional reasoning by realizing that the
height of the tank in the second problem is twice as much as the height in the first, so the
height of the water should work accordingly. Another strategy was to use the space without
water to determine the height of the water. About half of the over 2,000 students who
correctly found the volume of the water in part 1 could not find the height of the water in part
2. The fact that the volume of the water had not changed, but the dimensions had changed,
was not apparent to them. Most of these students used logical estimation to try to find the
height of the water. This problem encourages students to broaden their concept images of the
volume of water in the tank. By posing such a question, students took an image that they had
formed from given pictorial representation and were expected to mentally change it to solve
the problem.
Manipulatives are one way to help form mental images and strengthen spatial
visualization skills in students. Battista and Clements (1992) report:
Use of manipulatives seems to allow students to try out their ideas, examine and
reflect on them, and modify them. This physical approach seems to maintain student
interest, to assist students in creating definitions and new conjectures, and to aid them
in gaining insight into new relationships. (p. 449)
Unfortunately, they mention that U.S. textbooks do not often suggest the use of
manipulatives, which may lead to a sparse use of them in the classroom.
Technology is another way to help shape students’ imagery and improve their spatial
visualization skills. Handheld graphing devices have been around for years now. The older
models do a great job of the visualization and manipulation of functions, but not as much in
terms of geometry manipulation. Recently, more schools have been going to the 1:1 format
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where every student has a laptop or tablet and where teachers can use dynamic geometry
software. The handheld devices are becoming more and more diverse where they could have
similar capabilities as the computer software. Belbase (2013) looks at himself learning how
to teach mathematics with aid of the dynamic geometry software, Geometer’s Sketchpad
(GSP). Belbase had a colleague interview him and record his findings. Belbase found:
Engaging all the students in high quality learning experiences is a complicated
process. Different students have different styles of learning, different paces of
learning, and different interests in learning. As a teacher, I need to cope with their
style, pace, and quality of learning. When a teacher is teaching GTs (geometric
transformations) with or without GSP (Geometer’s Sketchpad), the way students are
engaged, the way teacher facilitates their learning, and the way GSP is tied with
particular contents of GTs create classroom dynamics. The momentum of learning,
teaching, and interacting goes either smoothly toward a desired goal or goes in an
unwanted direction. I need to create an environment in which students have an
opportunity to make progress in learning based on their cognitive ability. These
beliefs outlined the multiple roles of a mathematics teacher as a facilitator, a guide, an
instructor, a designer, and an artist. The sense of the different roles of a teacher did not
spring from simply literatures or pedagogical discussions in formal classes, but they
were deeply rooted in my experiences as a teacher and teacher educator. (p. 26)
The findings of Belbase suggest that technology is a great tool for student learning, but just
because one uses technology does not mean that the students will automatically have a
positive experience that will serve its purpose. It is up to the teacher to create a lesson that is
engaging and to direct the students to use the particular technology as a tool to build an
image, make a connection, and enhance their spatial skills. This may place the teacher in a
role they are not used to being in, but a role that would be a positive way to get used to as we
progress into this technological world.
Jones (2000) looked at technology as an opportunity to “provide students with direct
experience of geometrical theory [and] could have an important role to play in enabling
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students to formulate deductive explanations and provide a foundation for developing ideas of
proof and proving” (p. 56). In order to see the real impact of the Dynamic Geometry
Environments (DGE), Jones’ study was on students around the age of 12 years old because
they would have little to no knowledge of abstract geometry or many of the concepts of
geometry in general. After teaching the students how to use the DGE, Jones focused on
classifying quadrilaterals for the study. As Jones moved throughout the study, he engaged the
students to help them become more mathematically conscious. Starting with just description
and moving to responses that were entirely tied to mathematical content, Jones noticed a
“mediational impact meaning” that students developed. This means that:


The students’ understanding that the order in which objects were created leads to a
hierarchy of functional dependency within a figure.



The constraint of robustness of a figure under drag becomes linked with using points
of intersection to try to hold the figure together.



The “dynamic” nature of the software influences the form of explanation given by the
students.

Jones noticed that there was a continually increasing abstraction in student responses, with the
use of the DGE showing that students were becoming better at communicating
mathematically. As the year continued, it was reported that students noticed that expressing
themselves mathematically had become somewhat of a classroom norm.
Computers and technology could be a great tool for mathematics instruction. These
could help students break out of inappropriate concept images and build deductive reasoning
skills. Jones (2000), like Belbase (2013), mentions that DGEs are just an opportunity for
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students to flourish. “Carefully designed tasks, sensitive teacher input, and a classroom
environment that encourages conjecturing and a focus on mathematical explanation” are
needed (Jones, 2000, p. 81).

Spatial Visualization in Practice

There is no question that the idea of spatial visualization plays quite an important role in
school geometry. Take, for instance, some of the recommended mathematical learning
standards by the National Council of Teachers of Mathematics’ (NCTM) Principles and
Standards for School Mathematics (2000). This recommends that students should:


Use visualization, spatial reasoning, and geometric modeling to solve problems (p.
42).



Predict and describe the results of sliding, flipping, and turning two-dimensional
shapes (p. 167).



Create mental images of geometric shapes using spatial memory and spatial
visualization (p. 100).



Create and describe mental images of objects, patterns, and paths (p. 168).



Recognize geometric ideas and relationships and apply them to other disciplines
and to problems that arise in the classroom or in everyday life (p. 168).



Use two-dimensional representations of three-dimensional objects to visualize and
solve problems such as those involving surface area and volume (p. 237).



Use visual tools such as networks to represent and solve problems (p. 237).
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Recognize and apply geometric ideas and relationships in areas outside the
mathematics classroom, such as art, science, and everyday life (p. 237).



Visualize three-dimensional objects and spaces from different perspectives and
analyze their cross sections (p. 315).

These recommendations are intended to foster better spatial sense as the students
move on. They are expected to have some spatial skills in order to complete the more intense
spatial tasks in geometry. The American College Test (ACT), on the other hand, does not
have the same emphasis. Out of all the ACT’s College and Career Readiness Standards
(2014), the only standards that even suggest the idea of spatial/visual thought are in the
standards for a 33-36 subscore. For instance, one standard is, “Solve multistep geometry
problems that involve integrating concepts, planning, and/or visualization” (ACT, 2014, p.
10). The rest of the standards only use phrases such as “find measures” or “use formulas.”
For years, high schools were required to follow the ACT standards to push for higher test
scores. This may have pushed many teachers to “teach to the test,” or have them focus on
only the skills that ACT tests focus on rather than the different approaches (i.e., spatial/visual)
that may foster a better understanding. Now, with the emergence of the Partnership for
Assessment of Readiness for College and Careers (PARCC), schools are looking harder at the
Common Core States Standards (CCSS), the standards that go along with the PARCC
standards.
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Spatial Visualization in Different Groups
Gender

Research shows differences in the learning of geometry in several different groups of
students. Gender is one of the factors that research has shown differs between the groups
when it comes to the learning of mathematics, especially spatial/visual skills and geometry.
Fennema and Tartre (1985) agree with many of the sources that gender does have a
correlation with mathematical achievement. What Fennema and Tartre note is the fact that
many research studies use tasks that are examples of tasks students need to use spatial skills
for, and then these students generalize their findings for all mathematics.
Fennema and Tarte (1985) refer to studies that report that boys tend to have better
spatial visualization skills at an early age and better cognitive-level math skills by the age of
17 years. Some of these studies are by Armstrong (1981), Carpenter, Lindquist, Matthews,
and Silver (1983), and Fennema (1984). Some argue that because the spatial visualization
skills tend to be better in boys, that is why boys become better problem solvers and that the
spatial visualization ability sets the quality of the problem solver. Fennema and Tarte (1985)
also report on students’ verbal mathematics skills. In this case, girls tend to be stronger than
boys. The question remains that if girls are better than boys in verbal skills, then why are they
not better in mathematical achievement?
The study by Fennema and Tarte (1985) assessed middle school students on their
spatial visualization skills (SV), verbal skills (V), and mathematical achievement. Fennema
and Tarte then split students into four groups:
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Boys – High SV/Low V

Girls – High SV/Low V

Boys – Low SV/High V

Girls – Low SV/High V

Over 100 students were tested in sixth grade then retested in eighth grade on problem-solving
items pertaining to fractions. Spatial visualization was measured by the Space Relations
portion of the Differential Aptitude Test. Verbal skills were measured by a vocabulary test,
the Cognitive Abilities Test, Verbal Battery. Sixth-grade mathematics achievement was
measured by the Mathematics Concepts test. There were three phases for each problem in the
interview: verbalization, solution, and explanation.
The results indicate that boys solved more problems correctly, but there was no
significant difference between the High SV/Low V and Low SV/High V boys groups. The
girls had more complete verbal responses than the boys. The High SV/Low V students
appeared to be better than the Low SV/High V students in translating mathematical problems
represented by symbols into pictures that could help them in problem solving. Low SV/High
V girls tended to put less information into their translation picture. The High SV/Low V girls
put the most information into their translated pictures at grade 6, while the High SV/Low V
boys did that at grade 8.
When looking at the picture that the above students used in problem solving, the High
SV/Low V group provided more information when correctly solving the problem, whereas the
Low SV/High V group had more information when incorrectly solving the problem because
they were less able to draw and use pictorial representation. Low SV/High V girls understood
the relevant features of the problems but were less able to translate this information into
pictures that were complete enough to enable them to solve the problems.
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In the conclusion of the study, Fennema and Tarte (1985) identify both spatial
visualization skills and mathematical ability levels to be important factors in implementing
successful problem-solving processes. Students who differ in their spatial visualization and
verbal skills use different problem-solving strategies, although they may not differ in their
ability to solve the problems. Unlike girls, boys who were low in spatial visualization skills
and high in their verbal skills had high mathematics achievement scores in both grade 6 and
grade 8. In general, the boys were able to draw, for example, more accurate fraction pictures
and also had more pictorial information when they solved the problems. In general, the girls
verbalized more complete relevant information than the boys, but this verbalization did not
lead to more correct solutions.
Fennema and Tarte (1985) report that boys, more than girls, are encouraged to be
autonomous, whereas girls, more than boys, are encouraged to be dependent and concerned
about others. Since both the verbal information data and the use of picture data were obtained
by responses to direct questions, it is also possible that the girls, more than the boys, were
being compliant and attempting to respond directly to the question asked by the interviewer.
Better pictures did not always lead to more correct solutions by all students.
Battista (1990) conducted a study where data were collected on 145 high school
geometry students from a middle-class, midwestern community. Analyses were performed
only on data from students who were administered all the tests: 75 male and 53 female. Tests
were administered in four areas: spatial visualization, logical reasoning, knowledge of
geometry, and geometric problem solving/strategies. Scores for each of the following
variables were obtained: spatial visualization, logical reasoning, geometry achievement,

20
geometric problem solving, use of drawing strategy, use of visualization without drawing, use
of a non-spatial strategy, correct drawings made, and discrepancy between a student's spatial
score and logical reasoning score.
The following instruments were used for Battista (1990): for spatial visualization
(SV), a modified version of the Purdue Spatial Visualization Test; Rotations was used to
measure students' ability to mentally visualize rotations of objects in space. For logical
reasoning (LR), an experimenter-constructed instrument on logical reasoning was used to
assess students’ ability to draw conclusions in logical syllogistic formats. The discrepancy
score for each student was obtained by looking at the z-scores of SV and LR. The
Cooperative Mathematics Test was used to test students’ knowledge of geometry. The test is
designed to measure achievement in geometry in terms of comprehension of basic concepts,
techniques, and principles and the ability to apply understanding to new situations. The test
covers the topics of angle relations and measures, parallel lines, properties of triangles, area
and perimeter, circles, properties of polygons, the Pythagorean Theorem, congruence,
similarity, proof, and coordinate geometry. For geometric problem-solving strategies,
students were assessed by a nine-problem test that included topics such as finding midpoints,
determining from their coordinates which points fall on a line, finding plane sections of threedimensional figures, and determining specified distances in two and three dimensions. For
each problem, students were first asked to solve the problem and then to select or describe
their solution strategies.
In terms of gender differences, males scored significantly higher than females on
spatial visualization, geometry achievement, and geometric problem solving. There was no
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evidence of gender differences on the test of logical reasoning. Females’ geometry scores
were positively correlated with the discrepancy of spatial over logical ability, whereas males’
scores were not. The greatest difference between males’ and females’ geometry scores
occurred for students whose logical reasoning score was much greater than their spatial
visualization score. The percent of females who had logical reasoning much higher than
spatial visualization (LR>SV) was two and one half times that of males, whereas the percent
of males who had spatial visualization much higher than logical reasoning (SV>LR) was five
times that for females. There was no evidence of gender differences in logical reasoning.
These data also indicated that the greater the discrepancy of spatial visualization over logical
reasoning ability, the more likely that males would use a visualization strategy and the less
likely they would use a drawing strategy. This was not true for females.
In terms of differences of teacher impact on student learning, Battista (1990) reported
that there were marked differences. For the first teacher, the correlations between students’
geometric achievement scores and their spatial visualization skills was 0.34, whereas for the
second teacher, the correlation between students’ geometric achievement scores and their
spatial visualization skills was 0.67. This difference suggested either a disparity in the role of
the teacher’s impact on students or the role of different spatial visualization skills by students
in their learning of geometry. Because the correlation between spatial visualization and
geometry achievement differed for males and females and because the geometry achievement
scores of students of the different teachers differed, Battista (1990) examined a possible
gender-by-teacher interaction. Males scored slightly higher than females in one of the
teacher’s classes, whereas males scored much higher than females in the other teacher’s
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classes. There was a similar significant interaction for geometric problem solving between the
two classrooms. The teachers were interviewed. Results showed differences in personality,
emphasis on visualization in class, and their personal spatial abilities. The teacher who
emphasized the use of visualization skills during instruction produced the higher achievement
scores among the students.
Yilmaz (2009) looks at different ways of measuring spatial abilities, particularly
among males and females. Yilmaz proposes that perceptual spatial ability is the ability to
perceive the spatial relationships between objects and that conceptual spatial ability is the
ability to build and manipulate a mental model of the environment. With respect to gender
differences, Yilmaz (2009) refers to several studies that look at gender difference when it
comes to spatial visualization. These studies report that females have a better spatial
visualization in early ages up to five years old and a growing difference that has the males
better after an age of five years. It is claimed that there are two factors that contribute to this,
biological and socio-cultural factors.
In terms of biological factors that may impact spatial visualization levels, Yilmaz
(2009) reported that females who have high androgen hormone-related levels during prenatal
development and early ages tend have higher spatial visualization than others, and males who
have low androgen level at early ages have lower spatial visualization than normal males.
Prenatal exposure to androgens is thought to be an important factor in the development of
spatial visualization ability. Also, the human brain is divided into two hemispheres; the left
hemisphere specializes in language and verbal skills, and the right hemisphere specializes in
visual-spatial skills. Yilmaz (2009) reports that it is common knowledge that the right
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hemisphere in males is bigger and develops earlier than that of females. That could be related
to the spatial visualization skill advantage in males.
Environmental ability requires integrating spatial information about natural and
artificial objects and surfaces in an individual’s surroundings (Yimaz, 2009). This includes
issues like play, gender roles, social and parental expectations, and educational experiences
that affect the development of a child’s abilities. Yilmaz (2009) suggests that childhood
experiences are thought to have influence on the development of spatial visualization. Most of
the time boys play with toy vehicles and blocks, which involve spatial manipulations, while
girls play with stuffed animals and dolls, which help the development of social skills. Yilmaz
says that parents need to monitor and “police” their children’s social activities themselves,
such as a father telling his son not to skip or that his favorite color cannot be pink because it is
girly. Boys also are expected more than girls to participate in sports that require more spatial
visualization, like soccer or basketball. Yilmaz suggests that another factor of environmental
ability that may lead to gender differences in spatial visualization is the differences in
occupational choices. Some occupations requiring spatial visualization are mostly preferred
by males, like pilots, engineers, or surgeons. Also, there is a larger population of girls in
verbal-type occupations like teachers, nurses, and public relations. Yilmaz (2009) suggests
that boys have a predisposition to be drawn towards spatial activities like sports such as
football and hockey or childhood activities such as playing/creating with blocks.
Yilmaz (2009) concludes by saying there are many contradicting ideas when it comes
to gender differences in spatial ability and that it is hard to point one way or the other.
However, Yilmaz mentions that there are investigations that found significant differences
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between males and females in most of the factors, such as mental rotation, spatial relations,
and environmental ability.

Ethnic Background

Research has also alluded to variations concerning spatial awareness as related to
ethnic background. Different ethnic backgrounds and cultural factors can influence how
students learn as well as the amount of content students understand.
A study by Thomas (1999) compared African Americans to various other ethnic
groups. The author used factors such as socio-economic status, the influence of peers, and the
status of the home environment to analyze students’ learning capacity. The author claims that
African American students have historically under-performed when compared to other
ethnicities. The author also states that Asian/Pacific Islander and White students typically
perform best. Thomas suggests that minorities could be performing poorer mathematically
because of the large increase in population, thereby rendering many families that can’t afford
proper schooling for their children (Thomas, 1999). However, when productivity factors were
manipulated, the study found that there was no significant difference across ethnicities. The
study found that “differences in the levels of factors which influence achievement, rather than
ethnicity, per se, had a substantial influence on the achievement outcomes of the participants”
(Thomas, 1999).
A study by Sternberg et al. (2007) also investigated learning capacity across
ethnicities. Sternberg et al. aimed to “investigate the use of dynamic assessment to increase
equity, fairness, and accuracy in the testing of abilities and achievements” (p. 9). The authors
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examined European American, Asian American, African American, and Hispanic American
groups and divided them into experimental, irrelevant treatment control, and no treatment
control groups. All participants were given instructions and assessments to rate their learning
progress. Data were also collected from both students and teachers regarding the students’
mathematical learning. The study showed that process-oriented activities were the best
facilitators to understanding mathematical concepts and that post-learning testing is an
effective way to rate student memory retention. Most importantly, the study found that
“dynamic instruction tends to reduce the achievement gap between minority and non-minority
students” (Sternberg et al., 2007, p. 49).
In conclusion, while there is evidence that supports the presence of a learning gap
across varying ethnic backgrounds, research suggests that there are remedies to decrease the
aforementioned learning gap.
Chapter 2 looked at many different scholarly articles setting up some expectations for
the study and data collection on learning about parallel lines cut by a transversal. Concept
images were explored preparing the study for student misconceptions due to an internal image
of the concept. National standards such as NCTM, ACT, and Common Core were explored to
see what the expectations of visualization are by these nationally practiced standards.
Different publications were noted about visualization in different groups such as gender and
ethnic background. Some of these publications have conflicting views in terms of how these
different subgroups learn and their ability in terms of spatial visualization. Chapter 3
describes the methodology, including the group of students for the study as well as how these
students were taught, assessed, and how data was collected.

CHAPTER 3
METHODOLOGY

The Students and the School Setting
The sample of students for this study consisted of 100 sophomore geometry students
at St. Joseph High School in Westchester, Illinois. St. Joseph High School is a LaSallian
school, which is based on the life and works of St. John Baptist de la Salle. According to
Graham (1910), de la Salle was a man who gave up his life as a wealthy priest and devoted
himself to starting Catholic schools in 1685 for the poor and unfortunate. This generous
mentality, as applied to educational opportunity, was the first of its kind. He also was the first
to separate students by ability and achievement (Graham, 1910).
De la Salle believed that everyone deserved an education and that education would
open opportunities to lead better lives. St. Joseph High School is, in fact, grounded on this
LaSallian mindset. St. Joseph High School admits students regardless of ethnic, religious,
economic, or educational background. According to a survey done by niche.com, St. Joseph
High School is the “most diverse” private high school in America, explaining that “the school
is extremely diverse and fosters a community that accepts and promotes a diversity of
viewpoints, backgrounds, religious beliefs, and sexual orientations.” (Most Diverse, 2015).
To further St. Joseph’s emphasis on diversity, the school is split into three academic
groups (for most students). For example, the “Honors” courses are designed for the high-
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performing students, those who are prepared for intensive coursework for enrichment.
Another academic level is for students who are at an average grade level, therefore called
“College Preparatory A” (CPA). The third level is “College Preparatory B” (CPB), for the
students who are underachieving. The CPB classes stress the foundations of each course in
order to help the student acquire the skills necessary to move on to college. A benefit of such
an educational structure is that students are not confined to just one level. The levels are
subject appropriate. For example, a student could be placed into a low-level English class
while he/she is simultaneously enrolled in an upper-level math class. In this way, the school’s
academic program fits the needs of each particular student. As a result of the vast diversity
and mission of St. Joseph, the majority of the students are in the CPB level.
At the start of the 2014-2015 school year, 15% of the students who were taking
geometry were enrolled in the Honors geometry course, 27% in the CPA geometry course,
and 58% in the CPB geometry course (see Table 1).

Table 1
Students by Academic Course
Course
Honors
CPA
CPB

Number of Students
15
28
57

This percentage causes the outlook of the curriculum to shift a bit. In order to
succeed, these students need to focus on the basic ideas of geometry while continuing to build
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upon these basics as the course progresses. Building upon basic principles is also applicable
to the geometry topics where comprehension is vital for successful ACT scores. One of these
basic topics is the idea of parallel lines cut by a transversal. To some, it may be a trivial topic,
but, as the course progresses, this underlying topic appears often in other topics such as
congruent triangles, mid-segments of triangles and trapezoids, special types of quadrilaterals,
similarity, and more. If the students do not have an understanding of the basics about parallel
lines, they will not be able to identify them (and some related problems) in more complex
settings.
The students who participated in this study were all sophomore geometry students at
St. Joseph for the 2014-2015 school year. There were only two junior students and one
freshman taking the course. These students’ data were omitted from this study. The
breakdown for the different group levels were as follows: 15 students were enrolled in the
single section of Geometry Honors, 28 in the two sections of CPA, and 57 in the three
sections of CPB. When it comes to ethnic background, the majority of the students were
African American, totaling 43 students. About 37% of the African American students were in
CPA, 56% in CPB, and 7% in Honors. The next highest ethnic group was the Hispanic
students, totaling 40 students. Of these students, 15% of them were enrolled in CPA, 67% in
CPB, and 18% in Honors. The last main ethnic group was the Caucasian students; of these,
35% were enrolled in CPA, 35% in CPB, and 30% in honors. In terms of gender, there were
41 females and 59 males. For the females, there were 27% enrolled in CPA, 56% in CPB,
and 17% in Honors, compared to 29% of males in CPA, 57% in CPB, and 14% in Honors.
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Initial Data Collected

To get a better idea of each student’s academic profile, several pieces of academic data
were collected. Each student’s standardized test scores in mathematics from grade 8
(EXPLORE) and grade 10 (PLAN) were collected. The EXPLORE and PLAN tests are part
of the ACT suite of tests designed to help the school place students in appropriate courses and
prepare students for the ACT.
The breakdown of EXPLORE and PLAN scores is shown in Table 2. Comparisons
can be made from group to group for either test, but comparisons from a certain subgroup’s
EXPLORE to PLAN cannot be made because the two tests are scored on a different number
of points. The EXPLORE test has 25 points, the PLAN has 32 points.

Table 2
EXPLORE and PLAN Mean Scores by Subgroup
Subgroup
Class
CPA
CPB
Honors
Gender
Male
Female
Ethnic Background
African American
Hispanic
Caucasian
Multicultural

Mean EXPLORE

Mean PLAN

16.3
14.8
19.6

16.8
14.4
19.3

15.8
16.0

15.8
15.8

15.6
15.5
17.5
19.0

15.6
15.4
17.1
18.8
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Student GPAs from their grade 9 Algebra I class were also collected as data for each
student’s academic profile. The GPA takes into consideration the level of Algebra I the
student took during their grade 9 year. For instance, if a student in CPA Algebra I received a
B and a student in Honors Algebra I received a B, the Honors student would have a higher
GPA. The respective GPAs were averaged together to create the “Average Algebra GPA”
value used in this study. The student’s academic profile helped determine the validity of the
student’s placement in the academic course (CPA, CPB, Honors). The information in Table 3
shows the means for Average Algebra GPA by subgroup. The standardized test scores and
GPA are extra data to help look at the differences in the different subgroups.

Table 3
Mean Algebra GPA Scores by Subgroup
Subgroup
Class
CPA
CPB
Honors
Gender
Male
Female
Ethnic Background
African American
Hispanic
Caucasian
Multicultural

Algebra GPA
2.6
2.1
3.9
2.3
2.7
2.3
2.7
2.5
3.0
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The Spatial Visualization Test

After collecting demographic data and pre-data, there was one more piece of
information needed before starting the instructional treatment. There had to be a baseline of
what each student’s spatial visualization ability was. Consequently, before the students
started the unit on parallel lines for the study, they were given an assessment to test their
spatial visualization.
The spatial visualization assessment was adapted from two previous studies. The
spatial visualization test (SVT) was broken into two assessments (SVT1 and SVT2). The first
assessment was from an article by Harris, Hirsh-Pasek, and Newcombe (2013). These authors
suggest that most of the studies of spatial visualization involve rotation. In this particular
study, the authors focused on how the students are able to mentally fold paper. Mentally
folding paper tests the student’s mental perception and relates to one’s mental visualization to
perform dynamic spatial transformations (DST). This particular test has much more to do
with reflections than any other transformation and has the added difficulty of starting with a
rectangular or augmented piece of paper and reflecting only part of it onto itself. The added
difficulty was an aspect the students of the present study weren’t used to. The students of this
study had been taught reflections with respect to a line; however, when a problem deals with a
reflection of an object onto itself, the students have merely glanced at examples of this sort in
terms of making decisions for a figure having lines of symmetry. Therefore, reflecting an
image onto itself proved to be a challenge for the students and required attention and
precision, two skills that the majority of the students (especially the CPB students) struggle
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with. This caused incorrect solutions on this part of the spatial visualization test. The other
half of the spatial visualization test came from Ehrlich, Levine, and Goldin-Meadow (2006)
and requires students to do a combination of translations and rotations to two different opaque
figures, then mentally what the figure would look like if the two figures were attached.
Battista and Clements (1992) said that:
Spatial orientation is understanding and operating on the relationships between the
positions of objects in space with respect to one’s own position [while] spatial
visualization is comprehension and performance of one’s imagined movements of
objects in two- and three-dimensional space. (p. 444)
So the act of attaching two figures is important because it shows how each student was able to
reason in relation to orientation. This particular assessment seemed to test both aspects.
Both of the spatial visualization tests were multiple-choice-style questions, each with
four possible choices. They were both designed for elementary to middle school students.
Ehrlich et al. (2006) attempted to make a rationale for improving young student ability to
work with DSTs at an early age in order to foster a better spatial understanding when they
grew into adolescence and adults. In particular, Ehrlich et al. (2006) examined the difference
in spatial visualization by gender in young children. They confirmed that the young boys
performed better in spatial tasks than the girls did. The second part of their study found that
students performed better when they were verbalizing what they were doing. Under those
circumstances, the females outperformed the males.
The results from the two parts of the spatial visualization test administered at St.
Joseph High School were recorded as two scores: subscores and a total spatial visualization
score. The students were then broken down into three groups based on their performance on

33
the spatial visualization assessment for the purpose of data analysis (see Table 4). Twentynine percent of the students were placed in the high-visualization category (HV). These
students showed few or no mistakes on the assessment and showed high spatial visualization
ability. Forty-three percent of the students were placed in the middle visualization category
(MV). These students showed strong spatial visualization skills while showing
inconsistencies in the paper folding assessment (SVT1). The final 28% were placed in the
low-visualization category (LV). These students showed documented struggles in one or both
of the assessments, especially the paper-folding activity. The evident presence of students
with LV is definitely a concern, considering that both of these assessments were originally
created for young children. A reliability test was used with the student scores to analyze the
validity and reliability for the spatial visualization test. The results from the reliability test
gave Cronbach's alpha values of .784. This is greater than .500, suggesting that the spatial
visualization test is a reliable assessment.

Table 4
Number of Students in Each Visualization Level
Visualization Level
High (HV)
SVT 30

Number of Students
29

Medium (MV)
26 SVT 29

43

Low (LV)
SVT
25

28
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This study was conducted to answer the following questions: (1) What are geometry
students’ achievement levels in a classroom environment that promotes the use of visual
strategies? (2) What are geometry students’ gain scores between their post- and preachievement assessments on parallel lines? (3) What is the relationship between geometry
students’ spatial visualization levels and their achievement levels on parallel lines after a unit
of instruction that promotes spatial visualization? (4) How are geometry students’
achievement levels on parallel lines and their spatial visualization levels differentiated by
gender and by ethnic background? (5) What are some examples of geometry students’ correct
and incorrect responses on questions about parallel lines?

The Instruction

Before the aforementioned questions could be answered, the students had to be
instructed in such a way as to foster results for these questions. The Common Core State
Standards (CCSS) have been a focal point of instruction among schools all over the United
States. Illinois is one of the 40-plus states that have gone all in on the CCSS-M (New Illinois
Learning Standards, n.d.). Public school districts have been trying to align their curricula to
the Common Core’s content standards as well as adjust their instruction to the Common
Core’s practice standards. St. Joseph High School, however, adheres to a different set of
standards. St. Joseph is a member of the Archdiocese of Chicago, which has no commitment
to implement the CCSS. This means that schools like St. Joseph are not required to follow
the CCSS. Teachers are generally given a textbook that they structure their curriculum
around, typically with very few alterations. The particular textbook that the students of this
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study utilize is McDougal Littell’s Geometry, by Larson and Boswell (2004). This textbook
was published in 2004, years before the CCSS were released. Therefore, the textbook that St.
Joseph High School uses for geometry is not affected by the changes the Common Core has
instituted.
The basis of the structure of the instruction in this study is consistent with the content
statement of the CCSS-M, particularly one main phrase: “The concepts of congruence,
similarity, and symmetry can be understood from the perspective of geometric
transformation” (National Governors Association [NGA] & Council of Chief State School
Officers [CCSSO], 2010, p. 74). Even though the relationship of parallel lines cut by a
transversal is not mentioned directly in statement, it does not mean that it cannot be applied.
If there are two parallel lines cut by a transversal, congruent angles are formed, and related
thought processes may be evoked as recommended by the Common Core.
The instruction also pushed students to justify their answers, prompting them to relay
what was going on in their heads, and therefore fostering understanding on a different level.
This level of thinking and practice is recommended by the NCTM (2000) and by the CCSSM. “One hallmark of mathematical understanding is the ability to justify, in a way
appropriate to the student’s mathematical maturity, why a particular mathematical statement
is true or where a mathematical rule comes from” (NGA & CCSS, 2010, p. 4).
Preceding the unit of study, the students took a pre-assessment, a 20-question
examination-style assessment that contained problems pertaining to parallel lines cut by a
transversal. Almost all of the items required an explanation, most occurred in a geometric 2-
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D plane, and while some were “real-life” examples. This set of data was analyzed and
recorded for interpretation with other future data.
The order in which concepts related to geometry were taught was different in this
study. As previously mentioned, in years past, geometry teachers would have strictly
followed the textbook. For this study, the students still started the year with a unit devoted to
an introduction to geometry. This lasted approximately three weeks. The students analyzed
patterns, explored the undefined terms, and learned properties of segments and angles, again,
showing no change from years past. The second unit, approximately two and a half weeks,
focused on proof and deductive reasoning. The students learned how to create conditional
statements and formed basic proofs involving segments, angles, and algebraic properties.
The third unit, however, is where the instruction for this study started to differ from
previous years. The students began a two-week unit with a lesson on congruent figures,
exploring what it means for two figures to be congruent. Without noticing, the students were
using geometric transformations to verify if two figures were congruent. Each student was
given a piece of translucent paper and traced the first figure. They then manipulated the
paper, however they could, in order to see if the figures matched up. Glass (2004) says that
the biggest misconception by students in relation to transformations in a geometric plane is
that many students focus on the movement and not as much on the relationship between the
image and the pre-image. This may lead to incorrect conclusions on the equivalency of
transformations. As a solution to such incorrect conclusions, introducing congruency using
transformations before transformations are defined aids students in thinking about the
relationship more so than on the movement. After the students became familiar with the idea

37
of congruent figures, they were then introduced to isometric transformations (translations,
reflections, and rotations), all the while continuing to use the translucent paper to make the
connection to congruency. It was also stressed to the students that the image and pre-image
were always “congruent figures,” a phrase that was now familiar to them.
In addition to the CCSS, the combination of transformations and congruence was used
to help the students to activate their spatial skills. Linn and Peterson (1985) went as far as to
include transformation in their definition of spatial visualization: “Spatial ability generally
refers to skill in representing, transforming, generating, and recalling symbolic, nonlinguistic
information” (p. 148).
The next step was to introduce parallel lines cut by a transversal in such a way as to
promote the use of the student’s spatial visualization. To start the three-week unit, the
students first defined parallel and perpendicular lines, a transversal, and the different types of
angle pairs (i.e., alternate interior, alternate exterior, corresponding, etc.) in a setting with
non-parallel lines. Included with these definitions was a heavy review of the relationships
between vertical angles and linear pairs. Next, students worked on an activity on their
computers to explore what happens when parallel lines are cut by a transversal. Using
dynamic geometry software, students started with two lines ( and

) intersected by a

transversal, with all angle measures given. They were prompted to manipulate the lines so
they could see that the movement would change the angle measure displayed between the
lines. The students were asked a series of questions including, “Are these lines parallel?”
Many of the responses included answers that focused on the definition of “parallel.” Students
discussed whether they believed that the lines would (or would not) intersect. There were
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some students who talked about the angle measures, mainly discussing the presence or
absence of congruency. After that, the students were prompted to try to make the lines parallel
and justify why they thought their examples were accurate. Some students simply moved the
lines to where they did not think they would intersect and wrote a corresponding response.
There were also cases in which some started to manipulate the lines to where it appeared that
they would not intersect and the students noticed that as they moved the lines to where they
believed they were parallel, the corresponding angle measure became closer and closer to
being the same. Their justifications for their lines being parallel tended to be along the lines
of “There are congruent angle measures.”
The students then were prompted to use the “parallel line” function to create a line
parallel to . When selecting this function, the program creates a faint line ( ) that is
parallel to the selected one. As the students move the cursor, the faint

moves along with it,

displaying a geometric translation of . The students then selected a point for

to pass

through. The students were prompted to use a translation and/or rotation to “map”
This caused

and

onto

.

to be parallel with accurate measures. The students then used their

knowledge of angle pairs to conclude relationships for the different angle pairs. Following
the dynamic activity, the students were given examples where there was one set of parallel
lines cut by a transversal. Following these examples, the instruction and activity would come
to an end for that day.
For years, teachers have been teaching students what angle pair relationships were and
then moved on to another topic. For the purpose of this study, the instruction continued. The
students took a piece of the translucent paper that they used when learning about
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transformations and were prompted to “map one cluster of angles onto the other.” Many of
students were able to reason that when the lines were parallel, the two clusters of angles were
equivalent to a translation from one to the other, creating sets of congruent angles. This
promoted the use of their spatial visualization skills in that they could mentally see which
angles were congruent, as opposed to memorizing the names of angle pairs and their
relationships. Now, as long as the students had an understanding of vertical angles and linear
pairs, they could find all angles given just one angle. They could also use the same logic
when setting up and solving equations where angles are represented by algebraic expressions.
The rest of the unit was built on the topic of identifying parallel lines and the resulting
angle relationships. During instruction, the Common Core Standards for Mathematical
Practice were used to help foster a strong understanding of the topic. Due to the nature of this
study, two standards were relied upon more heavily. The first standard was, “Use appropriate
tools strategically” (NGA & CCSSO, 2010, p.7):
Mathematically proficient students consider the available tools when solving a
mathematical problem. These tools might include pencil and paper, concrete models, a
ruler, a protractor, a calculator, a spreadsheet, a computer algebra system, a statistical
package, or dynamic geometry software. Proficient students are sufficiently familiar
with tools appropriate for their grade/course in order to make sound decisions about
when each of these tools might be helpful, recognizing both the insight to be gained
and the limitations thereof. For example, mathematically proficient high school
students analyze graphs of functions and solutions generated using a graphing
calculator. They detect possible errors by strategically using estimation and other
mathematical knowledge. When making mathematical models, they know that
technology can enable them to visualize the results of varying assumptions, explore
consequences, and compare predictions with data. Mathematically proficient students
at various grade levels are able to identify relevant external mathematical resources,
such as digital content located on a website, and use such resources to pose or solve
problems. They are able to use technological tools to explore and deepen their
understanding of concepts. (p 6)
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The students now had all of the necessary tools. They had learned about parallel lines and the
relationships that followed from a conceptual standpoint, a dynamic geometrical software
standpoint, and from a manipulative standpoint.
The second standard that was focused on was, “Make sense of problems and persevere
in solving them.”
Mathematically proficient students start by explaining to themselves the meaning of a
problem and looking for entry points to its solution. They analyze givens, constraints,
relationships, and goals. They make conjectures about the form and meaning of the
solution and plan a solution pathway rather than jumping into a solution attempt. They
consider analogous problems and try special cases, in addition to forming, if
applicable, simpler forms of the original problem, in order to gain insight into its
solution. They monitor and evaluate their progress and change course if necessary.
Older students might, depending on the context of the problem, transform algebraic
expressions or change the viewing window on their graphing calculator to get the
information they need. Mathematically proficient students can explain
correspondences between equations, verbal descriptions, tables, and graphs. These
students can also draw diagrams of important features and relationships, graph data,
and search for regularity or trends. While younger students might rely on using
concrete objects or pictures to help conceptualize and solve a problem, mathematically
proficient students check their answers to problems using a different method. They
continually ask themselves, ‘Does this make sense?’ Mathematically proficient
students can understand the approaches of others to solving complex problems and
identify correspondences between different approaches. (NGA & CCSSO, 2010, p 6)
Every day the students looked at real-life examples and got accustomed to explaining
why/how there were parallel lines in each situation. For instance, students looked at a
situation where fence posts were being placed down a hill to build a fence. The students had
to explain how they could be sure that the fence posts were going in the same direction.
When the discussion of the solutions to these problems arose, the problems were explained in
different ways, allowing students a chance to experience them from multiple strategies. When
completing the problems, the students did not use just one strategy, but many different
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strategies to solve these problems. Some students tried to reason using what kind of angle
pair relationship they found (sometimes correctly, sometimes incorrectly), some students
asked for pieces of translucent paper so they could reason in a translation-based approach,
while some of the Honors students even asked if they could use their tablets to recreate the
situation. The students also got a chance to verbalize the situation. This was important
because many of the students had not been required to verbally explain mathematics previous
to this course. The real-life situations help forced them to merge the diagram or situation,
combining what their concept image was for a particular topic.

Data

Throughout the unit of study, the students took three assessments. Two of these
assessments were quizzes covering smaller amounts of content. The last was a test over the
entire unit of study. Each assessment contained problems that correlated with each of the
problems on the pre-assessment. In this way, students were not given one post-assessment,
but rather a continuous post-assessment throughout the unit of study. Some of the postassessment questions were verbatim to their corresponding pre-assessment questions while
some kept the consistency of the skill that was tested but changed the numbers or expressions.
Several of the post-assessment problems varied in difficulty depending on the course. Only
the difficulty of the expressions varied, not the difficulty of identifying the concept. The
scores for both the pre- and post-assessments were recorded by item. Each student received a
score for the pre- and post-assessments as well as a differential score. This data and the
student’s SVT score and academic profile were used to analyze and draw conclusions from.
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A reliability test was used with the student’s scores to analyze the validity and reliability for
the pre- and post-assessments. The results from the reliability test gave Cronbach’s alpha
values of .786 for the pre-assessment and .851 for the post-assessment. Both of these are
greater than .500, suggesting that the pre- and post-assessments are reliable tests.

CHAPTER 4
RESEARCH FINDINGS

The goal of this study was to answer the following research questions:
1. What are geometry students’ achievement levels in a classroom environment that
promotes the use of spatial visual strategies?
2. What are geometry students’ gain scores between their post- and pre-achievement
assessments on parallel lines?
3. What is the relationship between geometry students’ spatial visualization levels
and their achievement levels on parallel lines after a unit of instruction that
promotes spatial visualization?
4. How are geometry students’ achievement levels on parallel lines and their spatial
visualization levels differentiated by gender and by ethnic background?
5. What are some examples of geometry students’ correct and incorrect responses on
questions about parallel lines?
This chapter provides responses to these questions by using statistical analyses on data
collected during the study or by describing observations of students’ work in the postassessment.
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Statistics Based Results

Research Question 1 and Results

The first research question to be answered is, “What are geometry students’
achievement levels in a classroom environment that promotes the use of spatial visual
strategies?” Table 5 shows the overall achievement results for all students. The maximum
achievement score for each student is 54. Overall, there was an 11.6% increase from the preassessment to the post-assessment.

Table 5
Overall Achievement Results for all Students
Mean Pre

Mean Post

Mean Differential (%)

21.6

33.1

11.6 (21.3%)

Overall (n = 100)

In terms of the class levels, the Honors group outperformed all in the pre- and postassessment while also showing the largest growth as well. The middle-level group (CPA)
followed in the same three categories, whereas the low-level group (CPB) showed the lowest
scores in all three categories (Table 6 and Figure 1). These results were not surprising and
follow what most would expect.
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Table 6
Achievement Results for Students in Each Class

Honors (n = 15)
CPA (n = 28)
CPB (n = 57)

Mean Pre

Mean Post

Mean Differential (%)

29.6
25.8
17.4

43.5
38.2
27.8

13.9 (25.7%)
12.4 (23.0%)
10.6 (19.3%)

Figure 1. Average Pre- and Post-Assessment Scores by Class.

If the scores were looked at in terms of a percentage/letter grade as observed in a
school setting, it would appear that the students did not perform well overall. The mean
overall score for the post-assessment was 33.1, which would yield an average score of about
61%, or a D letter grade. What needs to be taken into consideration is the breakdown of
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students and the type of problems in these assessments. More than half of the 100 students in
the study were from the low-level CPB group. Many of the assessment questions were
application or “real world” based and required the students to think on a higher level and
explain their reasoning. This is not something that the CPB group does very well and a major
reason the overall score seems low. If you look at the data the same way in each class
individually, the disparity in the classes starts to show. The Honors class had an approximate
80% average on the post-assessment, followed by approximately 70% from the CPA level and
51% from the CPB level.
The general linear model (analysis of variance) that was used in Table 7 was created to
run the data against all of the variables. It forces each factor to adjust for other factors in the
model and to show the “pure difference” of the categories in each subgroup, and it shows the
differences caused by just each particular factor. The model shows that the Honors class is
the top group by far, followed by the CPA group and CPB group. The beta levels of 0, 7.053, and -13.514 respectively, with significant values well below the .05, show that this
difference is strong and statistically significant at the .05 significance level.
Correlations between the pre- and post-assessments, gain scores from pre- to postachievement, the SVT test, and the academic profile data (PLAN, EXPLORE, Algebra GPA)
were run in order to identify which factors show a strong relationship. The results of the
correlations are shown in Table 8. Many of the factors that place students in these levels,
such as previous grades (Ave Algebra GPA) and standardized test scores (EXPLORE/PLAN),
show strong correlations with the achievement on the pre- and post-assessment. This shows
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that the academic profile data used to place students in different academic levels is a good
predictor of achievement.

Table 7
General Linear Model (Post-Assessment)

Parameter
B
Std. Error
t
Intercept
44.851
4.438
10.106
[VisLevel=HV]
5.863
2.224
2.636
[VisLevel=LV]
-9.841
2.422
-4.064
[VisLevel=MV
0a
[GENDER=F]
2.426
1.951
1.244
a
[GENDER=M]
0
[CLASS=CPA]
-7.053
3.172
-2.223
[CLASS=CPB]
-13.514
2.838
-4.762
[CLASS=Honors]
0a
[EthnicBackg=A]
-1.653
4.678
-.353
[EthnicBackg=C]
-2.399
4.963
-.483
[EthnicBackg=H]
-2.590
4.557
-.568
a
[EthnicBackg-M]
0
a
This parameter is set to zero because it is redundant.

Sig.
.000
.010
.000

95% Confidence
Interval
Lower
Upper
Bound
Bound
36.035
53.667
1.445
10.281
-14.651
-5.031

.217

-1.449

6.300

.029
.000

-13.354
-19.151

-.751
-7.876

.725
.630
.571

-10.946
-12.258
-11.641

7.639
7.460
6.461

Overall, all the collected data show that the placement level of student (Honors, CPA,
or CPB) has a significant correlation with achievement on parallel lines in a classroom that
promotes visual strategies.
Research Question 2 and Results

The next question of the study was, “What are geometry students’ gain scores between
their post- and pre- achievement assessments on parallel lines?” The scores shown in Table 9

Table 8
Correlations of Collected Assessment Scores and Academic Profile Data

SVT
Pearson Correlation
1
Sig. (2-tailed)
N
100
PLAN Score
Pearson Correlation
.412**
Sig. (2-tailed)
.000
N
100
AVE Algebra GPA Pearson Correlation .233*
Sig. (2-tailed)
.020
N
100
EXPLORE
Pearson Correlation .193
Sig. (2-tailed)
.063
N
94
PreTest
Pearson Correlation .491**
Sig. (2-tailed)
.000
N
100
PostTest
Pearson Correlation .570**
Sig. (2-tailed)
.000
N
100
Diff
Pearson Correlation .281**
Sig. (2-tailed)
.005
N
100
* Correlation is significant at the 0.05 level (2-tailed)
** Correlation is significant at the 0.01 level (2-tailed)
SVT

PLAN
Score
.412**
.000
98
1
98
.461**
.000
98
.556**
.000
92
.640**
.000
98
.647**
.000
98
.192
.058
98

AVE
ALGEBRA
GPA

.233**
.020
100
.461**
.000
98
1
100
.312**
.002
94
.475**
.000
100
.589**
.000
100
.332**
.001
100

EXPLORE

.193
.063
94
.556**
.000
92
.312**
.002
94
1
94
.469**
.000
94
.428**
.000
94
.076
.464
94

PreTest
.491**
.000
100
.640**
.000
98
.475**
.000
100
.469**
.000
94
1
100
.783**
.000
100
-.036
.725
100

PostTest
.570**
.000
100
.647**
.000
98
.589**
.000
100
.428**
.000
94
.783**
.000
100
1
100
.594**
.000
100

Diff
.281**
.005
.192
.058
.332**
.001
.076
.464
-.036
.725
.594**
.000
1
100
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show that the overall average differential from pre- to post-assessment achievement scores
was 11.6 points. The Honors group grew the most at an average gain of 13.9 points, followed
by the CPA group at 12.4 and CPB group at 10.6 points. There is an observed difference in
the gain scores between the three groups, but the difference is small. This data is not
particularly surprising because one would not expect the group with the highest preassessment scores to show the most growth because there is less opportunity to grow.

Table 9
Achievement Results for Students in Each Class with Overall Achievement

Honors (n = 15)
CPA (n = 28)
CPB (n = 57)
Overall (n = 100)

Mean Pre

Mean Post

Mean Differential (%)

29.6
25.8
17.4
21.6

43.5
38.2
27.8
33.1

13.9
12.4
10.6
11.6

Overall, the gain scores from pre- to post-assessment of achievement was 21.4%, as
discussed in the previous question. The vast majority of the students are from the low-level
CPB group and these students struggle with many of the types of items on these assessments,
in particular items that use a real-world setting and require explanation (see, for example, item
15 in Appendix B). If these students have trouble writing and expressing their mathematical
reasoning, then even after instruction on the subject matter, they will probably continue to
have trouble expressing their mathematical thoughts. The opposite could be said for the
Honors group, who showed the largest gain of 25.7%. Most of these students are in all
Honors classes and are most likely better at expressing their thoughts in writing. Their
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vocabulary is likely better and they can better explain what is going on in a problem-solving
situation using mathematically proficient responses that would earn them higher scores on
those items.
Another factor that could have played a part in these results is student engagement and
work ethic. In general, the higher the level of student, the more engaged they are and the
harder they work. This is not true in every case, but informal observation of each of these
students suggests it is a safe assumption. Besides visual strategies, students were taught using
technology to explain and demonstrate the main concepts of this unit of study. These are
factors that could have enhanced the learning of the highly engaged students while not
making as big of an impact on the less motivated students.
A general linear model (analysis of covariance) was run with the differential scores as
the dependent variable for comparison of the gain scores among the different subgroups of
students (Table 10). Looking at the CLASS section of Table 10, we see that the Honors group
with a beta value of 0 had the highest differential scores from pre- to post-assessment,
followed by the CPA course with a beta value of -4.116 and the CPB course with a beta value
of -5.808. Table 10 shows that because of the significance value of .019 < .05 for the Honors
CPB group, there is a statistical difference between the Honors and CPB gain scores. On the
other hand, because of a non-significant value of .105, which is greater than the .05, one can
conclude that there was no statistically significant difference between the Honors and CPA
gain scores, but there was still moderate evidence of a relationship.

51

Table 10
General Linear Model (Differential)

Parameter
B
Std. Error
t
Intercept
22.666
4.521
5.031
[VisLevel=HV]
3.598
1.765
2.039
[VisLevel=LV]
-5.516
1.977
-2.790
[VisLevel=MV
0a
[GENDER=F]
.818
1.540
.531
[GENDER=M]
0a
[CLASS=CPA]
-4.116
2.511
-1.639
[CLASS=CPB]
-5.808
2.437
-2.383
[CLASS=Honors]
0a
[EthnicBackg=A]
.451
3.670
.123
[EthnicBackg=C]
-.430
3.891
-.110
[EthnicBackg=H]
-1.866
3.566
-.523
[EthnicBackg-M]
0a
PreTest
-.276
.095
-2.919
a
This parameter is set to zero because it is redundant.

Sig.
.000
.044
.006

95% Confidence
Interval
Lower
Upper
Bound
Bound
13.683
31.649
.092
7.105
-9.444
-1.589

.597

-2.243

3.878

.105
.019

-9.105
-10.651

.873
-.966

.903
.912
.602

-6.841
-8.161
-8.951

7.742
7.301
5.218

.004

-.464

-.088

In order to look for a relationship between student gain scores and their academic level
(CPA, CPB, Honors), the correlations shown in Table 8 were revisited. Table 8 was used to
determine the relationship between the factors that place a student in his/her respective
academic course and his/her differential score from pre- to post-assessment. The correlations
between the differential score and the factors that place students in the academic level (PLAN,
EXPLORE, Algebra GPA) show that there is not a strong relationship. These correlations
between the differential score and the factors that place students in the academic level were
much lower than these same correlations had with the factors that place students in the
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academic level with pre- or post-assessment. The average algebra GPA showed a moderate
correlation with the gain scores, whereas the EXPLORE and PLAN standardize tests showed
very little relationship with students gain scores.
Overall, there was an observed difference in the achievement gain scores between the
different course levels. This difference was small, and by looking at correlations and a
general linear model, a conclusion cannot be made that the course level necessarily predicts
the gain scores from pre- to post-assessment. Although there was statistical evidence that the
higher level student would perform better, there is no evidence that they would have higher
gain scores.

Research Question 3 and Results

The third question was, “What is the relationship between geometry students’ spatial
visualization and achievement levels as they study parallel lines?” This question served as the
main question of the study. The breakdown of scores by the subgroups is given in each
visualization level in Table 11.
Several statistical methods, such as general linear models, correlations, and analysis of
means, were used to see how much of an effect a student’s spatial visualization ability has on
achievement on parallel lines. The first method was to compare the achievement levels of the
three different spatial visualization groups for the post-assessment on the concept of parallel
lines. As seen in Table 12, and as predicted, the high-visualization (HV) group had the
highest mean achievement score on the post-assessment, followed by the middle-visualization
group (MV), and then the low-visualization group (LV).
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Table 11
Spatial Visualization Levels by Subgroups

Class

Honors
CPA
CPB

5
10
14

Mean
Pre
35.0
27.7
23.4

Gender

Male
Female

18
11

27.4
24.6

41.8
38.5

14.3
13.9

Ethnic Background Caucasian
African American
Hispanic
Multicultural

4
8
15
2

22.0
24.8
27.1
36.0

32.3
41.8
40.8
50.5

10.3
17.0
13.7
14.5

Class

Honors
CPA
CPB

6
16
21

30.7
24.2
19.7

45.2
37.1
29.7

14.5
12.9
10.0

Gender

Male
Female

25
18

21.8
24.5

33.3
34.4

11.6
11.9

Ethnic Background Caucasian
African American
Hispanic
Multicultural

4
19
18
2

24.3
22.9
22.3
25.0

37.0
34.8
33.4
38.0

12.8
11.9
11.1
13.0

Class

Honors
CPA
CPB

4
2
22

21.3
29.0
12.1

38.5
40.5
18.6

17.3
11.5
6.5

Gender

Male
Female

16
12

12.1
18.0

19.2
28.1

7.1
10.1

5
16
6
1

19.2
13.8
12.2
19.0

31.2
23.2
14.2
31.0

12.0
9.4
2.0
12.0

Visual Group

HV
(n = 29)
SVT 30

MV
(n = 43)
26 SVT

LV
(n = 28)
SVT 25

29

Category

Ethnic Background Caucasian
African American
Hispanic
Multicultural

n

Mean
Post
45.4
39.6
39.5

Mean
Differential
10.4
11.9
17.1
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Table 12
Means Among Visualization Levels (Post-Test)

Vis Level
HV
LV
MV

Mean
43.411
27.707
37.548

Std. Error
1.947
2.199
1.749

95% Confidence Interval
Lower Bound
Upper Bound
39.544
47.278
23.339
32.075
34.074
41.022

The same general linear model (analysis of variance) in Table 7 was also used to
compare the differences between the visualization groups. The beta values in Table 7 suggest
that since the MV group has a beta value of 0 and the HV a beta value of 5.863, the HV group
is expected to outperform the MV level by 5.863 points in the post-assessment scores. Since
the LV level has beta value of -9.841, the LV group is expected to underperform the MV
group by 9.841 points in terms of the post-assessment scores. Since there is a significance
value of less than .05, this shows that the visualization level is statistically significant in the
outcome of the post-assessment and that the visualization levels are good predictors of
achievement.
The next analysis for Research Question 3 that was run was that of correlations among
the pre- and post-assessments, gain scores from pre- to post- achievement, the SVT test, and
the academic profile data (PLAN, EXPLORE, Algebra GPA). When looking at the
correlation between a student’s SVT scores and post-assessment scores, the correlation
coefficient of .570 is significant at < .001. This suggests that there is a strong statistically
significant correlation between a student’s performance on the SVT test and on the post-
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assessment. This means a student’s SVT score would be a good predictor of how he or she
would perform on the post-assessment on the study of parallel lines.
The next analysis for Research Question 3 was the same general linear model (analysis
of covariance) that was run in Table 7, except that the dependent variable was the differential
in scores from the pre-assessment to the post-assessment (Table 10). This particular analysis
yielded results that were different from what one would expect. One would think that if a
group scored higher on the pre-assessment, then they would have less opportunity and
therefore would not show as high a gain score compared to the other groups who have more
opportunity. The information in Table 10 suggests that because the HV has a beta value of
3.598, the MV has a beta value of 0, and the LV has a beta value of -5.516, the HV group
gained the most of any group from pre- to post-achievement. The HV group gained 3.598
more points than the MV group, which gained 5.516 more points than the LV group. This
suggests that the HV group improved their scores the most and essentially learned the most
during the instruction of parallel lines.
The next analysis looks at the spatial visualization test (SVT) scores for the different
subgroups. Table 13 shows the breakdown of the three major subgroups (academic course,
gender, and ethnic background), and the average score was out of a possible maximum of 32.
A general linear model (analysis of variance) was run among the different subgroups
with the SVT as the dependent variable (Table 14). This is the same model as in Table 7 and
Table 10 except it analyzes the differences between the spatial visualization scores within in
each subgroup.
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Table 13
Spatial Visualization Test Scores
Category
Class
Honors
CPA
CPB
Gender
Male
Female
Ethnic Background
Caucasian
African American
Hispanic
Multicultural

n

Mean SVT Score

15
28
57

27.3
28.4
26.0

59
41

26.9
26.9

15
41
38
5

26.9
25.9
28.0
28.0

Table 14
General Linear Model (SVT)

Parameter
B
Std. Error
t
Intercept
27.690
1.732
15.984
[CLASS=CPA]
2.049
1.258
1.628
[CLASS=CPB]
-1.036
1.146
-.903
[CLASS=Honors]
0a
[EthnicBackg=A]
-2.267
1.883
-1.204
[EthnicBackg=C]
-2.014
2.001
-1.006
[EthnicBackg=H]
.624
1.844
.338
[EthnicBackg-M]
0a
[GENDER=F]
.535
.790
.678
[GENDER=M]
0a
a
This parameter is set to zero because it is redundant.

Sig.
.000
.107
.369

95% Confidence
Interval
Lower
Upper
Bound
Bound
24.250
31.130
-.450
4.548
-3.312
1.241

.232
.317
.736

-6.005
-5.988
-3.039

1.472
1.960
4.286

.500

-1.033

2.104
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The most surprising result that came from the analysis is that the CPA course group
outperformed the Honors group. Table 14 shows that because the CPA group has a beta value
of 2.049, Honors a beta value of 0, and CPB a beta value of -1.036, the Honors group underperformed the CPA group in terms of scores on the SVT test by 2.049 points and above the
CPB group by 1.036 points. This may help explain some of the information from Table 10.
Table 10 shows that even though gain scores from pre- to post-assessment were observed to
be higher than the Honors group, it was not a statistically significant difference from that of
the CPA group. The CPA group did have higher SVT scores than the Honors group, and the
CPA group had a far smaller percentage of students who were in the low-visualization group
(LV) compared to the Honors group. Only 7% of the CPA students were placed in the LV
group, while 26.7% of the honors group were in the LV group. Spatial visualization may play
a major role in learning the topic of parallel lines, and the SVT scores from the different
course groups may explain why the larger gain achievement by the Honors group was not
statistically significant.
All of the statistical analyses suggest the same thing: students who have better spatial
visualization skills not only perform better on the pre- and post-assessments but also gain the
most in terms of learning the topic in an environment that suggests spatial strategies. It also
suggests that students with high visualization levels learn and perform better in the topic of
parallel lines cut by a transversal.
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Research Question 4 and Results

Gender

This fourth question of the study looks at the performance of different subgroups of
students in terms of gender and ethnic background. Question 4 states, “How are geometry
students’ achievement levels on parallel lines and their spatial visualization levels
differentiated by gender and by ethnic background?” The research literature for this question
found mixed results for the impact of both gender and ethnic background, so there was no
clear expectation going into this study.
Some of the research literature referred to earlier suggested that male students have
better spatial ability than female students. This could imply that male students should
outperform the female students in topics of parallel lines, especially in a classroom
environment teaching visual strategies. Table 15 shows the results of spatial visualization
scores by gender.

Table 15
Gender Achievement and SVT Results

Male (n = 59)
Female (n = 41)

Mean Pre

Mean Post

Mean Differential

SVT Score

20.9
22.6

32.1
34.5

11.4
11.9

26.9
26.9
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There was an observed difference in the achievement scores between the male and
female scores. It was actually the females who had the higher pre- and post-assessment
scores, with a slightly higher mean of gain scores. The spatial visualization scores between
the two groups were extremely close, showing no difference rounded to the tenth of a point.
The general linear model in Table 7, where the dependent variable was the post-assessment
scores, showed the female group with a beta value of 2.426 and the male group with a beta
value of 0. This suggests that the females outperformed the males by about 2.5 points on the
post-assessment. However, this was not statistically significant because the significance value
was .217.
Table 10 shows similar results. Table 10 is the general linear model, with the
dependent variable the differential scores from pre- to post-assessment achievement. In Table
10, the beta value for the female group was .818 while the beta value for the male group was
0. This suggests that the females gained almost 1 more point than the males did from pre- to
post-assessment. This also was not statistically significant, with a significance value of .597,
which is far above the .05 significance level.
The one area that was observed where the male students outperformed the female
students may be found in Table 11. If the high-visualization group (HV) is looked at on its
own, the male students outperformed the female students with higher pre-, post-, and
differential scores. This is a larger difference than the overall data between the different
genders. This could suggest that high-visual male students display better visual skills than
that of the high-visual female students, which could go along with some of the related
research prior to this study.
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Ethnic Background

Ethnic background is also a factor that was looked at for this study. The three main
ethnic backgrounds that were observed for this study were Caucasian, Hispanic, and African
American. Five students did not fall into any of these three categories. They were placed into
their own group titled Multicultural. The data was collected for the Multicultural group, but
clear conclusions cannot be made about this group with such a small sample size.
The ethnic background data is shown in Table 16. The three main groups were
extremely close in all of the pre-, post-, and differential achievement scores. There was no
clear expectation going into this study, as the research on ethnic background was
inconclusive.

Table 16
Ethnic Background Achievement and SVT Results

Caucasian (n = 13)
African American
(n = 43)
Hispanic (n = 39)
Multicultural (n = 5)

Mean Pre

Mean Post

Mean Differential

SVT Score

21.6

33.3

12.7

26.9

19.9

31.8

11.9

25.9

22.6
28.2

33.3
41.6

11.7
13.4

28.0
28.0

Not much can be made from the general linear models in Table 7 and Table 10, as the
beta values for all three are very close and not statistically significant, with significance
values well above the .05 significance level. Both tables show the African American group
outperforming the other two groups in terms of post-assessment scores and differential scores.
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The African American group is followed by the Caucasian group and the Hispanic group both
in terms of post-assessment scores and differential scores. Although there is a difference, the
difference is inconclusive because of how high the significance values are above the .05
significance level.
What stands out is the fact that the Hispanic students outperformed the other two main
groups in the SVT test but underperformed in pre- and post-assessment achievement and
differential achievement. The general linear model in Table 14 shows that because the
Hispanic group has a beta value of .624, Multicultural a beta value of 0, Caucasian a beta
value of -2.014, and African American -2.267, the Hispanic group outperformed the other two
main groups in the SVT test by almost 3 points. This is the opposite of what was expected
from the general linear models in Table 7 and Table 10 that show the differences between
post-assessment achievement and differential achievement. The significance levels are well
above the .05 significance level, suggesting that this result is not statistically significant, but it
is something to think about.
A factor that could play a role in this is the language barrier. Some of these students
do not speak English at home. This could hinder them in terms of problems they need to read
and explain. The spatial visualization test required no reading. The directions were explained
by the instructor, and the students had to choose the best answer. This could be why the
Hispanic group outperformed the other two main groups for the SVT test but then had very
similar results in the other areas. This could also explain why the Hispanic students in the LV
group scored far below any other subgroup in achievement and gain scores (Table 11). Some
of these students may not only lack in language but also in spatial sense.
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Table 17 presents the contrasts between the African American group with the other
ethnic background groups in terms of their post-assessment achievement scores. This analysis
comes from the general linear model in Table 7. The purpose of this table is to look at the
pure differences in post-achievement scores between the groups without any other factors
affecting these differences. The main reason to look at this particular piece of data was
because the Multicultural group only had five students in it. This way, the African American
group is being analyzed against the two other main groups without the Multicultural group,
which had the beta = 0 group for that model. The African American group was chosen to be
the group compared against the other two main groups because it had the highest observed
post-achievement scores.

Table 17
African American Post-Achievement Contrasted with the Other Ethnic Background Groups
Ethnic Background Simple Contrast
Level 2 vs. Level 1
Contrast Estimate
Hypothesized Value
Difference (Estimate – Hypothesized)
Std. Error
Sig.
95% Confidence
Lower Bound
Interval for Difference Upper Bound
Level 3 vs. Level 1

Contrast Estimate
Hypothesized Value
Difference (Estimate – Hypothesized)
Std. Error
Sig.
95% Confidence
Lower Bound
Interval for Difference Upper Bound

Post-Test
-.880
0
-.880
2.345
.708
-5.540
3.779
-2.317
0
-2.317
1.787
.198
-5.866
1.233

Note: Level 1 = African American group; Level 2 = Caucasian group; Level 3 = Hispanic group.
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In Table 17, the contrast estimate is the difference between the groups, the same as in
the beta values in Table 7. The contrast estimate between the African American and
Caucasian groups is -.880 while the differences in their beta values in Table 7 is -.746. This
shows that the difference between the African American group and Caucasian group is .880,
and the difference between the scores of African American group is .746. This is a small
difference in terms of post-assessment achievement with the African American group being
slightly higher. Neither of these values are statistically significant, having significance values
greater than .05.
When looking at the African American against the Hispanic group, the contrast
estimate between the groups was -2.317 while the difference between the beta values is only .937. This shows that the actual difference between the groups indicates that the African
American group outperforms the Hispanic group by more than 2 points when looking at the
differences between just these two groups, rather than the African American group
outperforming the Hispanic group by close to 1 point when all the variables are considered.
This difference is also not statistically significant, but with the contrast estimate having a
significance value of .198, even though it is above the .05 significance level, there still may be
a slight relationship.
Table 18 presents the contrasts between the African American group with the other
ethnic background groups in terms of spatial visualization test. This comes from the general
linear model in Table 14. The purpose of this table is to look at the pure differences between
the groups without any other factors affecting these differences. Once again, the reason to
look at this particular piece of data was because the Multicultural group only had five students
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in it. This way, the African American group is being analyzed against the two other main
groups without the Multicultural group, which was the beta = 0 group for that model.

Table 18
African American Contrasted of Spatial Visualization Scores with the Other Ethnic
Background Groups (SVT)
Ethnic Background Simple Contrast
Level 2 vs. Level 1
Contrast Estimate
Hypothesized Value
Difference (Estimate – Hypothesized)
Std. Error
Sig.
95% Confidence
Lower Bound
Interval for Difference Upper Bound
Level 3 vs. Level 1

Contrast Estimate
Hypothesized Value
Difference (Estimate – Hypothesized)
Std. Error
Sig.
95% Confidence
Lower Bound
Interval for Difference Upper Bound

SVT
.253
0
.253
1.210
.835
-2.150
2.655
2.890
0
2.890
.871
.001
1.162
4.619

Note: Level 1 = African American group; Level 2 = Caucasian group; Level 3 = Hispanic group.

Table 18 shows that the contrast estimate of spatial visualization scores between the
African American group and Caucasian group is .253, and the contrast estimate between the
African American group and the Hispanic group 2.890. These are consistent with the
differences in the beta values in Table 14. This suggests that these differences are unaffected
by the other variables in the model in Table 14. What is important in Table 18 for this study
is the significance values between the groups. The contrast estimate of .253 between African
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American and Caucasian is .835, which indicates a non-significant value at the .05
significance level. The contrast estimate of 2.890 has a significance value of .001 suggesting
that the Hispanic group outperformed the African American group by almost 3 points, and it
was statistically significant. One factor that could have played a role in this is the possible
language barrier that was mentioned earlier. The SVT test had little written text, all of which
was read aloud, whereas the post-assessment achievement on parallel lines had several
problems that required the students to read and interpret.

Research Question 5 and Results

The fifth and final question for this study was, “What are some examples of geometry
students’ correct and incorrect responses on questions about parallel lines?” As previously
mentioned, concept images are combinations of mental pictures that are associated with the
concept. Concept images can lead to misconceptions of a topic if the person does not
associate a wide range of possibilities for that particular concept. This may also hinder the
student from applying the verbal description of that concept.
As the students’ work on the pre- and post-assessment achievement was analyzed,
misconceptions were noted. Several examples of misconceptions were observed, as well as
examples of students portraying strong visual and conceptual understanding of parallel lines
were noted.
The first two examples come from the students’ pre-assessment. At that point,
students had learned about basic geometry, including congruence, supplementary and
complementary angles, and more, but they had not learned anything about parallel lines and

66
their properties. All of the students had taken an Algebra I course where they learned about
parallel lines in a coordinate plane.
Figure 2 shows an example of a student’s response from the pre-assessment. The
question asked if the two lines are parallel and then asks to justify. The student was able to
correctly say that the lines are parallel, but the response that the student gives is based on a
definition that the student learned in a previous course without referring to angle measures.
The student is able to visually see that it appears that the lines are parallel because it does not
look like they will intersect, but this does not justify the response that the lines are actually
parallel.

Figure 2. Student Work Example of Pre-Assessment on Parallel Lines.
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The example in Figure 3 is also from the pre-assessment. In this example, the students
are given two figures that have parallel lines cut by a transversal with expressions for certain
angles, and they are asked to solve for the variable. In this particular case, the student decides
to set the expressions equal to each other in both problems, insinuating that the angles are
congruent. The student happens to be correct for the second question. The two angles are
congruent, and the student correctly finds the value for x. The student’s work on the first
problem is not correct because the angles are supplementary and not equal. The student could
have seen that the two angles in the first problem do not appear to be close to congruent.
However, the students are always told to assume the diagrams are not drawn to scale; other
students were able to correctly respond to this problem.

Figure 3. Student Misunderstanding of Angle Relationships in Pre-Assessment.

Misconceptions were also made after instruction. The students were taught about
parallel lines by using visual strategies and the traditional way of memorizing angle
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relationships. The example in Figure 4 shows a student’s response when asked if they can tell
if the lines are parallel from the diagram and to justify their answer. This particular student
has associated congruent angles with parallel lines. Since the lines appear to be parallel, and
the vertically opposite angles are congruent, the student then assumed that the lines must be
parallel. What the student does not understand is that these angles are vertical angles and
must always be congruent when two lines intersect, so this technically is not enough
information to tell if the lines AB and CD are parallel. The student’s response is brief and
more explanation was expected from the students in this problem. However, even with this
short response, it shows this student’s misconception that if there are any two congruent
angles, the lines are parallel.

Figure 4. Student Incorrect Concept Image of Parallel Lines.

The problem from the example in Figure 5 is similar in direction and purpose to the
problem in Figure 4. This problem again asks if the student can tell if the lines are parallel
and to justify their response. Once again, as in Figure 4, one cannot conclude that the lines
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are parallel because the given angles are supplementary to each other. These angles form a
linear pair, so they are always going to be supplementary to each other. What differs in this
example from the example in Figure 4 is that the student correctly identifies that a conclusion
cannot be made because the student does not know any of the angle measures made with line
k and the transversal. This student portrays a strong understanding that the previous student
did not: that supplementary angles do not lead to parallel lines unless the supplementary
angles are certain angles, such as being on the same side of a transversal and lying between
two lines.

Figure 5. Student Correct Response Where Needed Information Is Missing.

The next examples are about student responses to the same problem from the postassessment. This problem asked the student to tell if there are any lines in the diagram that
are parallel and, if so, which ones and to justify their answer.
The student in Figure 6 sees no congruent angles and so assumes that there are not
parallel lines. This student shows some conceptual knowledge of what makes two lines
parallel and can justify enough to tell that line m and line k are not parallel, but the student
does not use any further thinking or strategies to tell that line j and line n are actually parallel.
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Figure 6. Incorrect Student Identification of Parallel Lines with Justification.

The student in Figure 7 actually extends the lines and finds all angle measures to
justify that there are congruent corresponding angles which lead to parallel lines. By
extending the lines, the student shows that a visual component is being used to analyze the
problem. It also helps the student see that the two sets of given angles need to be combined to
accurately find the angle measures associated with the parallel lines. This shows that this
student has used a strong visual and conceptual ability when it comes to parallel lines.

Figure 7. Correct Student Response with Verbal and Visual Justification.
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The example in Figure 8 is more basic than most of the previous examples. This
particular problem tells the student that the two lines are parallel, gives one angle measure,
and asks the student to find the remaining angles. Even though it is impossible to tell what is
actually going through the student’s mind while completing the problem, it appears that the
student filled in the given angle, found the angle vertical to the given angle, and translated it
over to find the four angles that all have the same measure. Then he/she knew that all the
remaining angles must be the same, so found the angle supplementary to 85, and filled that in
for everything else. This was the main visual strategy that was taught to the students when
talking about parallel lines cut by a transversal. This shows a student who understands the
concept on a visual level, which was the main point that was trying to be taught during
instruction.

Figure 8. Student Example Using a Visual Strategy Learned in Class.

The final example in Figure 9 is not necessarily a misconception due to a concept
image or an example of positive imagery. This example is from a student who is Hispanic
and for whom English is a second language. The problem in Figure 9 shows posts on a
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hillside. The angles on either side of the posts are numbered. In this diagram the hill
represents the transversal, while the posts represent the possible parallel lines. Ideally, the
student would name a set of angles that would need to be congruent in order for the posts to
be parallel.

Figure 9. Possible Student Comprehension with Poor Verbal Representation.

It is hard to tell if the student actually knows what is going on or if the student is just
putting down terms that are associated with what we were learning. The student does say
“congruent” but struggles at explaining what must be congruent. The sentence that the
student writes does not make much sense at all. This example may go along with a
hypothesis of why the Hispanic group scored higher than the other two main ethnic
background groups in the SVT test but lower than the other two main ethnic background
groups in post-assessment achievement. If this student does indeed understand what is going
on in this diagram and gives a response like the one shown in Figure 9, the student will not
receive points for explaining what is going on in the problem. This will lead to lower
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achievement scores. This same student may do better on the SVT test, which requires no
explanation and very little direction.

Research Conclusions and Future Research Recommendations

From the research and the collected student data in this study, a conclusion can be
made that there is a relationship between a student’s spatial ability and achievement on
concepts of parallel lines. Similarly, the data in this study does not show clear relationships
that place a certain gender or certain ethnic background above another in terms of spatial
ability or achievement on concepts of parallel lines.
Future research recommendations would be to explore other topics in geometry where
the students could learn using spatial strategies. It would also be interesting to see a sample
of different high school students. Although the high school for this study was diverse in
terms of ethnic background, it would be interesting to study a school that is more diverse
socio-economically and academically. Future researchers could also use a longer and more
difficult spatial visualization test that may separate the students more and could lead to more
in-depth results.
At times it may seem like the idea of parallel lines cut by a transversal is trivial for a
high-school-aged student, but when working in a school where more than half of the school
population falls into what is considered “low level,” it is important to consider the simple
topics, study student struggles, and figure out just why that is. By guiding students to use
their spatial visualization abilities and the idea of transformation, it reduces the need for
memorization and helps foster actual understanding of the topic.
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APPENDEX A
CONSENT/ASSENT FORM
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To Parent/Guardian
My name is Eric Schumacher. In addition to being your son/daughter’s geometry teacher, I am also a
graduate student at Northern Illinois University. This year I am working on my master’s thesis that is
needed for graduation. The purpose of my thesis is to look at student growth in spatial visualization
skills in relation to certain geometry topics.
During this time, I will be collecting data from all my classes to use in my research. Your students
work and scores will be used in my data, but their names will not be used in any way. In addition to
that, I will be using such information such as classroom data, EXPLORE and placement exam scores,
as well as their freshmen algebra score to build an academic profile for each student to use a holistic
data in my thesis. I will be looking at total class data, not at individualized student data. I will also be
the only person with access to this information.
Your signatures below will also serve as consent/assent to use your student’s work, not their names
as data in my master’s thesis. Consent/assent for you to use the scores is voluntary, and whether or
not you agree will have no effect on your student's grade in the class or their relationship with me.
If you have any questions or concerns please do not hesitate to email me at
eric.schumacher@stjoeshs.org
Thank you,
Eric Schumacher

Parent Signature: ____________________________ Date: _________

Student Signature: ___________________________ Date: _________

APPENDIX B
PRE-/POST- ASSESSMENT
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Parallel Lines Pre/Post Assessment
_____ 1.) If a || b, then which of the following pair of angles is not congruent?
A)  2 and  5

B)  3 and  7

C)  2 and  6

D)  2 and  8

_____ 2.) Which lines are parallel and which postulate that supports your conclusion.
A) ∥

; Alternate Exterior Converse

B) ∥

; Alternate Interior Converse

C)

∥ ; Alternate Exterior Converse

D)

∥ ; Corresponding Converse

_____ 3.) Which of the following is not true if
A) ∠1 ≅ ∠2

B)

∠2

C) ∠3 ≅ ∠4

D)

∠3

?
90°
∠4

90°

4.) Find the value of x that makes ∥ . Which postulate or
theorem about parallel lines supports your answer? (2
points)

5.) Solve for the indicated variable
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6.) Determine if the lines are parallel and explain why they are/are not. If there is not enough
information to tell then write “Not enough info.” (1 points each).

7.) Find x and y state how you know.

8.) Find the value of x.

9.) Because angle 6 is a right angle, what do we know about line j and line h?

10.) If

∠4

94°, find the measures of the rest of the angles.

∠

_______________

∠

___________________

∠

_______________

∠

___________________

∠

_______________

∠

___________________

∠

_______________
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11.) Make a conclusion about the dividers of the garden.

12.)

13.) With the given information determine which lines would be
parallel?
a.) ∠5 ≅ ∠6 ____________________
b.) ∠5 ≅ ∠7 ____________________
c.) ∠4 is supplementary t ∠7____________________
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______________________________
14).
______________________________
______________________________
______________________________
______________________________

15.) You need to position fence posts on a hillside. How can you make sure the posts are
parallel?
______________________________________________________
______________________________________________________
______________________________________________________

APPENDIX C
SPATIAL VISUALIZATION TEST
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Spatial Visualization Test
NAME: ___________________
PART 1: Paper Folding
Directions: Imagine that the piece of paper on the left is being folded on the dashed line in the
direction of the arrow. Circle the example on the right that would be the result from the fold. The
dark part represents the back of the paper. Please do not draw besides circling the best answer.
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PART 2: Mental Transformations
Directions: In your head, move the two figures on the left together and circle the figure on the right
that it would create. Please do not draw besides circling the best answer. The answer choice may be
a different size as the original.
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